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Abstract
We consider some classical constructions of graphs: join of two graphs, duplication of a vertex,
and show that they behave nicely from the point of view of the existence of kernels. c© 1999
Elsevier Science B.V. All rights reserved.
1. Introduction
We consider nite directed graphs that do not have multiple arcs or loops, but
there may be symmetric arcs between some pairs of vertices. When two arcs form a
symmetric pair, each of them is the reverse of the other, and both are called reversible
arcs.
Let D = (V; A) be a directed graph, where V is the vertex-set and A is the arc-set.
A kernel of D is a subset K of vertices such that (a) every vertex of D−K has a suc-
cessor in K (the kernel is absorbant), and (b) there is no arc between any two vertices
of the kernel (the kernel is stable). The existence of a kernel is a dicult problem:
Chvatal [4] showed that deciding if a graph possesses a kernel is an NP-complete
problem; Fraenkel [5] showed that it remains NP-complete for planar directed graphs
with small degrees.
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Many sucient conditions for the existence of a kernel are known, see e.g. [1]. Such
conditions are usually hereditary, and so they also imply the existence of a kernel for
every induced subgraph. A directed graph such that every induced subgraph has a
kernel is called kernel-perfect.
The above concepts, which are relevant to directed graphs, can be extended to undi-
rected graphs as follows. For every undirected graph G=(V; E), we call orientation of
G any directed graph D with the same vertex-set as G and such that two vertices are
adjacent in G if and only if there exists at least one arc between them in D (notice
that an edge in G may correspond to a pair of symmetric arcs in D). Conversely,
G is called the underlying undirected graph of D. An orientation D of an undirected
graph G is called admissible if every clique Q of D has a sink (a vertex sQ that is
the successor of every vertex of Q − sQ). An orientation is called M-admissible if
for every circuit of length three on vertices v1; v2; v3 with arc v1v2; v2v3; v3v1, at least
two of these three arcs are reversible (i.e., the subgraph induced by the three vertices
contains at least ve arcs). An undirected graph is called solvable (resp. M-solvable)
if every admissible (resp. M-admissible) orientation has a kernel.
By similarity with other topics in graph theory (in particular with edge- or vertex-
coloration), it is interesting to know what kind of graph constructions preserve kernel-
perfectness or solvability or M-solvability. Two special constructions will be considered
here. The rst one is called the join. Given k pairwise vertex-disjoint graphs G1; : : : ; Gk ,
their join J (G1; : : : ; Gk) is the graph obtained by adding all edges between any two
dierent Gi’s. The second construction is the duplication. Duplicating a vertex x in
a graph means creating a new vertex x0 and adding an edge between x0 and every
neighbour of x; optionally we may also add the edge xx0.
The importance of solvability is illustrated in a conjecture of Berge and Duchet,
which makes a surprising connection between kernels and perfect graphs. Recall that a
graph G is perfect if the chromatic number of each induced subgraph H of G is equal
to the maximum clique size of H . Perfect graphs are an important class containing
many classical types of graphs (see e.g. [6]). The characterization of perfect graphs
remains a famous open problem in graph theory after several decades. See e.g., the
relevant chapter in [1].
Conjecture 1 (Berge and Duchet [2]). A graph is solvable if and only if it is perfect.
A major part of this conjecture was established recently by Boros and Gurvich, using
some game-theoretic tools.
Theorem 1 (Boros and Gurvich [3]). Every perfect graph is solvable.
Moreover, Boros and Gurvich showed that the converse of this theorem is also true
if and only if duplicating a vertex in a solvable graph yields a new solvable graph. An
earlier conjecture, due to Meyniel, stated that every perfect graph is M-solvable. This is
now a consequence of Theorem 1, via the easy fact that every M-admissible orientation
M. Blidia et al. / Discrete Mathematics 205 (1999) 211{216 213
is admissible. A new conjecture was formulated by Jaeger (private communication) and
Meyniel (private communication) on similar terms.
Conjecture 2 (Jaeger, Meyniel). A graph G is perfect if and only if G and its com-
plement are M -solvable.
The following conjecture was suggested by one of the referees:
Conjecture 3. A graph G is perfect if and only if G and its complement are solvable.
For a directed or undirected graph H and a subset S of its vertices, we denote by
H [S] the subgraph induced by S. For every vertex x in a directed graph D, we let
N+D (x) and N
−
D (x), respectively, denote the sets of successors and predecessors of x in
D; the subscript D may be omitted when there is no ambiguity.
We will sometimes use the following equivalence whose proof is easy: an orientation
is not admissible if and only if it contains a circuit whose arcs are non-reversible and
whose vertices induce a clique (such a circuit is called a whirl).
2. The join operation
Theorem 2. Let D1 = (V1; A1) and D2 = (V2; A2) be two vertex-disjoint kernel-perfect
graphs; and let G1; G2 be the underlying undirected graphs. Let D be an orientation
of the join J (G1; G2) such that D[V1] =D1; D[V2] =D2; and every circuit C of length
three such that C \ V1 6= ; and C \ V2 6= ; uses at least two reversible arcs. Then D
is kernel-perfect.
Proof. This theorem is proved by induction on the number of vertices of D. The fact
is trivial for small values, so we need only show that D has a kernel. By hypothesis
the graph D[V1] admits a kernel K1. If every vertex v2V2 has N+D (v) \ K1 6= ; then
K1 is a kernel of D and we are done. So we may assume that the set
X = fv2V2 jN+D (v) \ K1 = ;g
is not empty. By the denition of the join, there exists an arc ~uv for each u2K1 and
v2X and this arc is not reversible. Consider
Y = fv2V2 j 8u2V1; ~uv2Ag:
We claim that X Y . Indeed, consider v2X and u2V1. If u2K1 then the arc ~uv
exists by the denition of X . If u2V1 − K1 then, by the denition of K1, there exists
a successor u0 of u in K1. Now the arc ~uv must exist or else uu0v would be a circuit
intersecting both V1; V2 and using at most one reversible arc. So X Y is true, and Y
is not empty.
By the hypothesis, the subgraph D[Y ] has a kernel KY . Observe that
every vertex of V1 [ Y − KY has a successor in KY ; (1)
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by the denition of KY and of Y . Next, we claim that
for any x2V −KY ; if x has a predecessor in KY then it also has a successor
in KY : (2)
By Fact (1), and since KY is stable, we need only prove (2) for x in V2− Y . Suppose
that there exists an x in V2 − Y that violates (2). So there exists a v in KY such that
~vx is an arc and there is no arc from x to KY (in particular ~vx is not reversible). By
the denition of Y and the fact that x is not in Y , there must exist a vertex u in V1
that is not a predecessor of x, hence the arc ~xu exists and is not reversible. On the
other hand, the denition of Y implies that u is a predecessor of v. But now vxu is a
circuit using at most one reversible arc and with at least one vertex in each of V1; V2,
a contradiction. So (2) is established.
Now we can easily build a kernel for D. Let Z be the subset of vertices of V2 that
have no neighbour in KY , and KZ be a kernel of D[Z]. Fact (2) implies that KY [ KZ
is a stable set. The denition of KZ and Fact (1) imply that KY [ KZ is absorbant in
D. So KY [ KZ is a kernel of D, and the proof is complete.
Corollary 1. The join of two M -solvable graphs is M -solvable.
3. Duplication and kernels
Recall that when a vertex x in a graph G is duplicated with a new vertex x0,
we may also add the edge xx0. If we do we talk about adjacent duplication, else
about non-adjacent duplication. The following theorem has been proved later in [3] in
game-theoretic terms; we give here a more strictly graph-theoretic proof.
Theorem 3. Let G be a solvable graph and x a vertex of G. Let G0 be the graph
obtained from G by non-adjacent duplication of x. Then G0 is solvable.
Proof. Note that every proper induced subgraph of G0 is (or is isomorphic to) an
induced subgraph of G. So we need only prove that every admissible orientation D0
of G0 admits a kernel. Let A be the set of vertices adjacent to x (and to its duplicate
x0). We dene a partition of A as follows:
A1 = fu2A j the arcs ~ux and ~ux0 do not existg;
A2 = fu2A j u has at most one predecessor among x; x0g;
A3 = A− (A1 [ A2):
Note that every vertex u in A1 [ A3 is a successor of both x; x0; moreover, if u2A1
the arcs ~xu and ~x0u are non-reversible.
Now let D be the orientation of G obtained from D0 as follows: any edge uv with
u; v2G0 − fx; x0g is directed as in D0. For u2A1 put the arc ~xu and not the reverse;
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for u2A2 put the arc ~ux and not the reverse; for u2A3 put both arcs ~uv; ~xu. We claim
that
D is an admissible orientation of G: (3)
To see this, assume on the contrary that D contains a whirl W . The vertex x must
be in W or else W would already be present in D0. Let w1 and w2 be the successor
and predecessor of x along the circuit W . The arcs ~xw1 and ~w2x are non-reversible, so
w1 2A1 and w2 2A2. By the denition of A1, the arcs ~xw1 and ~x0w1 exist in D0 and
are non-reversible. By the denition of A2, at least one of the arcs ~w2x; ~w2x0, say ~w2x0,
exists and is non-reversible in D0. But now replacing x with x0 in W yields a whirl in
D0, a contradiction. So (3) is established.
Now, (3) and the hypothesis give a kernel K of D. If K contains x, we claim that
the stable set K[fx0g is a kernel of D0. Indeed, every vertex of A2[A3 has a successor
in fx; x0g. Furthermore, every vertex of A1 does not have x as a successor in D, and
so in D it must be absorbed by some vertex of K −fxg; hence in D0 it is absorbed by
the same vertex. To complete the proof, consider the case when x 62K . Then x must
have a successor u2K , and u must be in A1 [ A3. It follows that K is a kernel of D0
as u is a successor of both x and x0.
Theorem 4. Let G be a solvable graph; x a vertex of G; and G0 be the graph obtained
from G by adjacent duplication of x with a new vertex x0. Let D0 be an admissible
orientation of G0 in which the arc ~x0x is not reversible. Then D0 has a kernel.
Proof. Let A be the set of vertices adjacent to both x and x0 in G0. We partition A as
follows:
A1 = fu2A j the arcs ~ux and ~ux0 do not exist in D0g;
A2 = fu2A j the arc ~ux does not exist in D0g − A1;
A3 = fu2A j one of the arcs ~xu; ~x0u does not exist in D0g;
A4 = A− (A1 [ A2 [ A3):
Note that
for y2A2; both arcs ~yx0; ~x0y exist in D0: (4)
Indeed, if this was false for some y2A2, then by the denition of A2 only the arc ~yx0
would exist and yx0x would be a whirl in D0.
From D0 we dene a new orientation D of G0 as follows: for each vertex y2A2,
remove the arc ~yx0. This is indeed an orientation of G0 by (4). We claim that
D is an admissible orientation: (5)
Suppose on the contrary that D contains a whirl W . The circuit W must use an arc
~x0y with y2A2 for otherwise W would be a whirl in D0. But then W [ fxg would
yield a whirl in D0, using consecutively the non-reversible arcs ~x0x and ~xy instead
of ~x0y.
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Now consider an orientation D of G obtained as follows: any edge with both end-
points dierent from x and x0 is directed as in D0. For u2A1 [ A2, put the arc ~xu; for
u2A3 put the arc ~ux; for u2A4 put the arcs ~ux and ~xu. Let us rst prove that
D is an admissible orientation of G: (6)
Suppose on the contrary that D contains a whirl W . Clearly x2W and the vertices of
W − fxg form a clique in A. Let a; b be the successor and predecessor of x along the
circuit W . Note that a2A1 [ A2, and so the arc ~xa exists and is irreversible in D.
We must have b2A3, hence either ~bx or ~bx0 exists and is non-reversible in D. In
the rst case, W is a whirl in D; in the second case, we replace ~bx in W with the
consecutive arcs ~bx0 and ~x0x; this yields again a whirl in D, a contradiction.
Now (6) and the hypothesis imply the existence of a kernel K in D. If K contains
x then obviously K is also a kernel of D0. If K does not contain x it must contain a
successor u of x, with u2A1 [ A2 [ A4 by the denition of D. So K is a kernel of D0
since u is a successor of both x; x0 in D0.
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